The small strain shear modulus (G max ) is an important parameter in geodynamic problems. In order to predict G max of unsaturated soils which are normally subjected to complex drying, wetting processes, effect of hydraulic hysteresis needs to be evaluated. Although several equations have been proposed in recent years, limitations still exist, requiring more research studies in this field. In this study, G max was investigated in a multi-stage test during several drying-wetting cycles and a loading-unloading cycle of net stress. The results revealed four key factors that directly influence the magnitude of G max : the void ratio, the net stress, matric suction and degree of saturation. While variations of the void ratio, net stress, and matric suction cause persistent responses of G max (i.e. if all other factors remain unchanged, G max would then be reversely proportional to the void ratio and directly proportional to the net stress and matric suction) , variations in the degree of saturation result in different responses. A decrease in the degree of saturation may induce a reduction or growth of G max since on the one hand it reduces the effect of matric suction, while on the other hand it increases the total effect of van der Waals attractions and electric double layer repulsions. At the same stress state, a reverse trend, induced by an increase in the degree of saturation, will occur with a growth in the effect of matric suction 2 and a reduction in the combined effect of van der Waals attractions and electric double layer
Introduction
Small strain shear modulus denotes the shear stiffness of soils at small strain amplitude (0.001% or less), hence determining its value is very important when predicting the response of a soilstructure system exposed to dynamic loading, and when investigating the quality of earth works using a spectral analysis of surface waves. Comparisons between the magnitude of G max determined in the field and laboratory also show the degree to which soil samples are disturbed (Jung et al. 2012) . For saturated soils, numerous experimental data has proved that G max is a function of the void ratio, the over consolidation ratio (OCR) of soil, and the mean effective stress (Hardin 1978; Richart et al. 1970) . However, recent studies revealed that the mean effective stress and void ratio will indicate the state of a saturated soil (Jamiolkowski et al. 1994; Santagata et al. 2005; Shibuya et al. 1992) . With unsaturated soils, the mean effective stress that results from normal inter-particle forces is due to net stress, the matric suction, van der Waals attractions, and electric double layer repulsions (Khalili and Khabbaz 1998; Lu and Likos 2006) .
Here, net stress is the difference between the total stress and the pore air pressure (i.e.,  n =-u a ).
and Rowe cells into suction-control apparatus by replacing a common porous stone with a high air-entry porous disk (HAEPD) to separate the air and water phases to maintain a desired matric suction. The responses of G max were studied during drying and wetting by increasing and decreasing the matric suction complying with the axis translation technique (Hilf 1956; Vanapalli et al. 2008) ; during these tests the void ratio and the degree of saturation could be evaluated at any specific stress states. Mancuso et al. (2002) investigated the G max of a compacted silty sand during three drying processes using a suction-control resonant column device in which matric suction increased from 0 to 400 kPa under constant net stresses of 100 kPa, 200 kPa, and 400 kPa. The results showed S-shaped curves for variations of G max with matric suction. Mancuso et al. (2002) believed that during the drying process, G max gradually shifted from a free waterdominated zone at low matric suction to a menisci water-dominated zone at relatively high matric suction. Sawangsuriya et al. (2006) developed a suction-control triaxial apparatus equipped with two horizontal bender elements to study the G max of clayey sand compacted at different moisture contents during drying tests under a constant net confining pressure of 34.5 kPa. They noted the G max was reversely proportional to compaction moisture content and the semi-log plot of G max versus matric suction showed consistent growth with increasing matric suction. Similar trends were also witnessed during drying tests using different types of suctioncontrolled devices in experiments carried out by Hoyos et al. (2015) for silty sand.
Responses of G max when hydraulic hysteresis presents were reported during drying-wetting cycles and loading-unloading cycles of net stress. Khosravi (2011) investigated effects of void ratio, degree of saturation, matric suction and net stress on G max of statically compacted Bonny silt during drying-wetting cycles under three different confining net pressures of 100 kPa, 150 kPa, and 200 kPa. The experiment used a fixed-free Stokoe-type resonant column device that was modified to include suction and saturation control. It was observed that G max was proportional to net stress, and at the same levels of net stress and matric suction, G max was higher in wetting processe than in the previous drying. A similar observation was also reported by Ng et al. (2009) in their study on recompacted completely decomposed granite samples, subjected to different net stresses of 110 kPa and 300 kPa, using a suction-controlled triaxial system with built-in bender elements. Biglari et al. (2012) measured G max of Zenoz kaolin (a lean clay from a mine in northwest Iran) during loading and unloading stages under a constant matric suction of 300 kPa, using a fixed-free resonant column-torsional shear device. For a given net stress, higher values of G max were reported during unloading process in comparison to the corresponding values during loading.
A number of equations for predicting the G max of unsaturated soils were established and verified based on the results available in the literature. In these equations the variation of G max during drying and wetting processes under a constant net stress was attributed to changes in the matric suction, while ignoring other factors in the predictive models such as the van der Waals attractions and electric double layer repulsions, both of which contribute to inter-particle forces, and can result in disparities between predictions and measurements of G max of unsaturated soils when they are subjected to several cycles of wetting and drying (i.e. hydraulic hysteresis).
Recently, Khosravi et al. (2018) proposed a semi-empirical equation to predict G max of unsaturated sand during hydraulic hysteresis. The model adopted the concepts of suction stress proposed by Lu and Likos (2006) to capture the effect of hydraulic hysteresis. Six parameters were used to determine suction stress and control effects of effective stress and hydraulic hysteresis. According to Lu and Likos (2006) , suction stress represents all local inter-particle forces in unsaturated soils including van der Waals attractions, electric double layer repulsions and force induce by matric suction. However, suction stress itself is not capable of capturing hydraulic hysteresis as it is based on the corresponding soil water characteristic curve (SWCC) which keeps changing during drying-wetting cycles. Indeed, to consider hydraulic hysteresis effects, different parameters corresponding to the suction stress equation would be required (Lu et al. 2010) . Hence, the prediction of G max when hydraulic hysteresis presents requires SWCCs and parameters related to the suction stress equation to be redetermined repeatedly. It seems that the combination of the inter-particle forces induced by matric suction, van der Waals attractions and electric double layer repulsions which possibly follow different patterns with variations of degree of saturation makes suction stress incapable of capturing hydraulic hysteresis intrinsically.
In this study, an array of laboratory experiments were carried out to investigate the magnitude of G max during several drying-wetting cycles, and a loading-unloading cycle of net stress. These experiments also set out to establish a predictive model for G max evaluating the combined contribution of van der Waals attractions and electric double layer repulsions separately from the contributions of matric suction in order to capture the effects of hydraulic hysteresis on G max .
Laboratory Experiments

Unsaturated Rowe cell apparatus with bender elements
A modified Rowe cell was developed for testing unsaturated soil by adopting the axis-translation technique to study the G max with a high degree of accuracy (Fig. 1) . The Rowe cell apparatus was connected with three pressure/volume controllers using water or air, to simultaneously apply an upper chamber pressure p u (the external vertical pressure), the air pressure p a on top of the sample, and back water pressure p b at the bottom of the sample. The two water controllers were for applying and controlling p u and p b , while the air controller was for applying p a . With this system, the volume change of sample and the volume of water entering or exiting the sample can be computed at any time during the tests. The desired matric suction (i.e. the difference between p a and p b ) was maintained with a HAEPD installed at the bottom of the sample, as shown in Fig.   1c , with an air entry value of 1500 kPa. However, even at matric suctions below the air entry value of HAEPD, some air could still diffuse through and accumulate under the disk (Padilla et al. 2006) , which would result in a slight overestimation in the variation of the pore water volume from the volumetric readings of the back controller. To address this issue, water was periodically flushed from the bottom of the HAEPD by another water controller kept at 3 kPa lower than the corresponding back pressure; this pressure would avoid reducing the back pressure during flushing. This apparatus is also equipped with two bender elements with a maximum frequency of 100 kHz, built into the top and bottom of the sample, to measure the shear wave velocity during different applications of stress. The tip-to-tip distance between two bender elements was calculated from the readings of a linear variable differential transformer (LVDT), placed at the top of the sample during the test.
Determining the shear wave velocity and selecting the input wave
Two bender elements, made from piezoelectric ceramic bimorphs, were embedded into the top and bottom of the sample (Figs. 1b and 1c) . One is a transmitter to generate a shear wave when excited by a single pulse, while the other is a receiver to pick up the wave after it has propagated through the sample. Measuring the propagation distance (L) (i.e. the tip-to-tip distance between two bender elements) and the propagation time (t) (i.e. the time difference between the transmitted and received wave) will give the shear wave velocity (V s ):
The propagation distance can be computed directly and precisely from readings of the LVDT (see Fig.1a ). However, the propagation time is affected by the method used to identify the arrival time of the received wave. Three approaches, currently used, are the cross correlation (Lee and Santamarina 2005) , the frequency domain (Greening and Nash 2004) , and the time domain (Rees et al. 2013 ). The first method evaluates the cross correlation between transmitted and received waves to determine the maximum amplitude, which indicates the arrival time of the first peak.
This method assumes that the frequencies of the transmitted and received waves are identical, but this assumption is improper in most cases, because the receiver measures a complex interaction of incident and reflected waves (Arulnathan et al. 1998 ). In the time domain method, t is the difference in time between the starting point or the first peak point of the transmitted wave and the corresponding point in the received wave. Since the surrounding noises and nearfield effect induced by the early arrival of the pressure wave frequently obscure the starting point of the real arrival, especially for short propagation distances, the first peak point is now preferred in recent studies (e.g. Ogino et al. 2015) . The propagation time can also be determined by the frequency domain method based on a phase analysis of the cross-power spectrum between transmitted and received waves to avoid the subjective visual inspection of the two waves. The cross-power spectrum is obtained using a Fast Fourier Transform, and the propagation time is then calculated from the slope of the unwrapped phase angle function using a linear regression across a defined frequency window. However, there are more scattered measurements in this method, as Ogino et al. (2015) and Camacho-Tauta et al. (2015) have reported. For these reasons, the peak-to-first peak technique was used in this study, as shown in Fig. 2 .
The shear wave velocity is affected by the characteristics of the input wave, particularly the wave form and wave frequency. Leong et al. (2005) examined how the two most common waveforms (i.e. square and sinusoidal waves) affect the received signal and concluded that the latter causes less distortion of the output signal than the former. Wave frequency plays even a more important role. The best output signals occur for the input frequencies near the resonant frequency of the sample-bender element system, while for lower or higher input frequencies, amplitude of the output signal decreases until it cannot be detected at extremely low or high ranges (Lee and Santamarina 2005) . The frequency of the input wave should also be chosen to minimize the sample size effect.
The effects of sample size in determining the shear wave velocity using bender elements has been reported by a number of researchers (Arroyo 2001; Leong et al. 2009; Sanchez-Salinero et al. 1986 ). According to (Sanchez-Salinero et al. 1986 ), coupling of the shear wave and compressive wave components occurs at short distances (around 2 times of the wavelength) from the source. This near-field effect causes wrong determination of the time of arrival. Leong et al. (2009) conducted bender element test on compacted residual soil samples using triaxial apparatus and observed that the near-field effect was negligible when the ratio of propagation distance to wavelength was greater than 3.33. In addition, the amplitude of transmitted wave decreases with increasing distance due to the dissipation of elastic energy within the material and the spreading of wave energy from the source point (Sanchez-Salinero et al. 1986 ). The attenuation effect can potentially blur the received wave, making it more difficult to identify the arrival time. To minimise the attenuation effect, Sanchez-Salinero et al. (1986) suggested using ratios of propagation distance to wavelength less than 4. Boundary effect also contributes to distortion of the received wave in cases of a thin cylindrical sample. When a wave arrives at the horizontal boundary of the sample, part of its energy is reflected, forming a composite wave, thus veils the real transmitted wave. As recommended in the ASTM Standard D2845-08, the ratio of the propagation distance to the minimum lateral dimension of the sample must not exceed 5.
In this experiment, the initial sample size was 31 mm in height and 100 mm in diameter with the corresponding tip-to-tip distance between two bender elements being 25 mm. The initial ratio of the propagation distance to the diameter of the sample was 0.25, much smaller than 5, thus the lateral boundary should have insignificant effect on the determination of shear wave velocity. To minimize the near-field and attenuation effects, single sinusoidal wave with frequency of 50 kHz was selected so as the ratio of propagation distance to wavelength was approximately 4 for the first measurements at low stress levels, considering decreases of the ratio at higher stress levels.
In fact, the ratio of propagation distance to wavelength varied in the range from 2.4 to 4.1, indicating minor near-field and attenuation effects. For each determination of the propagation time, a minimum of 10 output signals were manually stacked to minimise electrical noises.
Determining the small strain shear modulus and effective dynamic mass density
The magnitude of G max is determined using the following equation:
where  eff is the effective dynamic mass density of soil and V s is the shear wave velocity. For one-phase materials,  eff is equal to the static mass density, but determining the dynamic mass density of water-solid composites is challenging. Even though pore water cannot transmit a shear wave, it still affects the magnitude of shear wave velocity due to the mass of a thin viscous boundary layer attached to the surface of solid particles that moves in unison as a single phase during shear wave propagation (Biot 1956; Wu et al. 2012) . The thickness of the viscous boundary layer (l vis ) is influenced by the wave frequency, thus as l vis approaches zero at extremely high wave frequencies, there is no mass coupling and  eff would be equal to the dry mass density  d (Wu et al. 2012 ). However, l vis approaches infinity at very low wave frequencies, which leads to full mass coupling, so  eff would be equal to the static mass density. It is rational to believe that for mid-range wave frequencies, the degree of mass coupling in two-phase materials such as saturated soils would depend on the size of the maximum pore; hence full mass coupling would occur only when the maximum pore size is smaller than 2l vis . In case the maximum pore size is greater than 2l vis , there would be relative motions between the pore water and soil particles. For partially saturated soils, which are three-phase materials, the water body may be smaller than the pore size, thus pore size cannot be used to check the mass coupling effect. To date there are no correlations for estimating the  eff for three-phase composites, but in practice the  eff of unsaturated soils is the total mass density (ρ t ) (e.g. Biglari et al. 2012 , Dong & Lu 2016 . In this study, the maximum effective dynamic mass density ( eff,max ) corresponding to the full thickness of the viscous boundary layer (or full mass coupling) was computed for a given porosity, using Eq. (3) for two-phase composites at low-frequency range, where the wavelength is larger than the typical pore sizes in the composite (Martin et al. 2010; Mei et al. 2007 ):
where  s is the density of the solid particles ( s =2636 kg/m 3 in this study),  w is the density of water ( w =998 kg/m 3 at 22 o C), and n is the soil porosity. It is assumed that the viscous layer of pore water is only removed during drainage when all the external water has been pushed out, and during imbibition, formation of the viscous layer occurs first. During the test when ρ eff,max  ρ t , full mass coupling occurs corresponding to the full thickness of the viscous boundary layer and thus ρ eff =ρ eff,max . However, when ρ eff,max ρ t , partial mass coupling occurs corresponding to thinner thickness of the viscous boundary layer and thus ρ eff = ρ t . Therefore, ρ eff can always be taken as the minimum of ρ eff,max (Eq. (3)) and the corresponding ρ t (measured during the test) for both saturated and unsaturated conditions.
Sample preparation and calculating the initial physical properties
A mixture of 75% fine sand and 25% kaolin clay was used for the soil sample, and its particle size distribution curve is shown in Fig. 3 . Laboratory tests provided the specific gravity, plastic limit, and liquid limit of 2.636, 8.9%, and 18.7% of the soil sample, respectively. According to the Unified Soil Classification System the soil is classified as clayey sand (SC). While the sample was being prepared, the dry sand and kaolin were mixed with a spatula until it became homogeneous, and then a predetermined amount of distilled water was gradually sprayed into the mixture. The final mix of fine sand, kaolin, and water was then stored in an air-tight plastic bag, and left for 24 hours for moisture stabilization at a room temperature of 21.5 o C. The moisture content of the soil was determined before the mix was placed into the unsaturated Rowe cell. The initial mass of soil placed in the Rowe cell was also measured, and since its initial volume was known (i.e. 31 mm in height and 100 mm in diameter), the initial density and unit weight could be readily calculated. From three known quantities, including the gravimetric water content, specific gravity and unit weight, every other physical property at the initial state, such as void ratio and degree of saturation could be determined.
Procedure for unsaturated tests
Before applying a vertical net stress (i.e.  vn =p u -u a ) and matric suction, the sample was saturated by simultaneously increasing the back pressure (p b ) and upper chamber pressure (p u ) so that the vertical effective stress remained constant at 50 kPa until the Skempton's pore pressure parameter (B-value) of 0.95 or a greater value was obtained. The initial vertical net stress of 20 kPa and initial matric suction of 30 kPa were chosen so that the corresponding vertical effective stress remained unchanged in comparison to the stress state at the end of the saturation stage. The initial matric suction was also expected to be smaller than the air entry value (AEV) of the sample to obtain the first drying SWCC from a saturated state. In each stage the change in pore volume (i.e., the change in volume of the upper chamber), the volumetric change of pore water (i.e., the change of back volume), and the axial displacement were measured every 10 seconds.
The shear wave velocity was evaluated using the built-in bender elements to monitor the development of G max due to changes in the matric suction and the vertical net stress, as presented in Table 1 .
In a suction-control apparatus, an application of a matric suction on the soil sample is accomplished by imposing predetermined values of pore air and pore water pressures at the top and bottom of the soil sample. The determination of the state at which the suction reaches equalisation along the soil sample is of importance in computing the volume changes of pore water and voids during a drying or wetting process. However, there is still not a unified criterion to determine this state. Some researchers assumed the stabilization of matric suction based on the change in the volume of pore water when the rate of water content change becomes less than 0.04 %/day (Mancuso et al., 2002; Rampino et al., 1999; Sivakumar, 1993) , or the specific water volume change rate drops below 0.001/day (Wheeler and Sivakumar, 1995) . In order to avoid effect of temperature fluctuations on the measurement of water volume, some researchers proposed criteria for matric suction equalisation based on the volumetric strain rate computed from the reading of a vertical displacement gauge with the limit of 0.025%/day (Romero et al., 2003) . In the experiments conducted in this study using the suction-control Rowe cell apparatus, the presence of the top bender element prevents the use of a stiff porous stone, thus the volumetric strain rate could not be obtained from the change of vertical displacement. Matric suction equalisation was assumed to be reached when the water content change and the volumetric strain rates became less than 0.04%/day and 0.025%/day, respectively. Unchanged shear wave velocity over a day was also considered as an additional criterion. The effect of temperature fluctuations on the measurement of pore water volume was diminished by taking the readings at the same room temperature. It was observed that the determination of matric suction equalisation was governed by the criterion used for rate of water content change in the current experiments. It should be noted that the time required for matric suction equalisation varied from 3 to 10 days and increased with increasing matric suction.
In this test, the upper chamber pressure (p u ) remained constant, while the back pressure (p b ) and pore air pressure (p a ) were changed to control the vertical net stress and matric suction.
Therefore, only p b changed in the drying-wetting cycles, but in the loading-unloading cycle of vertical net stress both p b and p a were altered.
Results and Discussion
Variation of void ratio and SWCC during drying-wetting cycles
Changes in the void ratio had a direct effect on the stiffness and physical properties of soil such as its porosity, density, and degree of saturation. Variations in the void ratio due to variations in the vertical net stress and/or matric suction can be assessed using the unsaturated Rowe cell setup. Fig. 4 shows the variations in the void ratio (e) with matric suction () during the three drying-wetting cycles measured in this study. The irreversible reductions in the void ratio during the drying-wetting cycles revealed the plastic volume changes, such that the first drying caused a 3.23% reduction in the void ratio, whereas in the following wetting, the swellings were negligible, and there was a further reduction in volume (collapse) when the matric suction decreased to small values. Put simply, an 0.3% reduction in the void ratio occurred in the first wetting, whereas the induced drying (wetting) reductions in the void ratio in the second and the third cycles were 0.73% (0.43%) and 1.53% (0.2%), respectively. The reduction in the void ratio in the third cycle was higher than the second cycle probably due to previous collapses that rearranged the particles and facilitated compression. Clearly, apart from the plastic strain that accumulated within the drying-wetting cycles, collapse also contributed to the irreversible volumetric compressions.
The soil water characteristic curve (SWCC) can generally be presented in terms of the gravimetric water content (-w), the volumetric water content (-), or the degree of saturation (-S r ). Since the gravimetric and volumetric water contents of deformable soils may alter as the matric suction changes, even though the soils are still saturated, -S r is a better way to estimate the AEV (Fredlund and Houston 2013; Pasha et al. 2015) . The variations of overall and pore water volumes were taken as variations of the upper chamber and back volumes, and since their values at the saturated state were known, these volumes and the corresponding degree of saturation could be computed at any stage of the test.
The semi-log plots of S r - shown at different drying-wetting cycles in Fig. 5 indicate that the degree of saturation in wetting at a given matric suction is constantly lower than that in the previous drying process. In fact, comparisons of the drying curves show a tendency to decrease in degrees of saturation when the number of cycles increases, especially between the first and second cycles; a similar tendency occurred in the wetting curves. Ma et al. (2015) investigated the SWCC of unsaturated silt during drying-wetting cycles. It was reported that effects of the stress state on the SWCC are only attributed to changes of the void ratio. However, as can be observed in Fig. 6 , the degree of saturation at the end of a dryingwetting cycle was smaller than the corresponding value in the previous cycle at the same matric suction (i.e. 30 kPa), even though the void ratio decreased. The phenomenon can be explained by possible alterations of pore network induced by drying, wetting processes as observed in study by Nowamooz et al. (2016) which might be insignificant for silt used in the experiments reported by Ma et al. (2015) .
Variations of effective dynamic mass density during drying-wetting cycles
Variations of effective dynamic mass density ( eff ) with matric suction () during three dryingwetting cycles are depicted in Fig. 7 . Persistent increases of  eff at low matric suctions reached an upper bound in the middle range of matric suction before beginning to fall at higher matric suctions, but as the void ratio and degree of saturation decreased during drying (see Figs. 4 and 5), the void ratio dominates at low matric suctions and the degree of saturation dominates at higher matric suctions. However, Fig. 7 shows that a reduction of the matric suction during wetting caused a growth of  eff .
The magnitude of effective dynamic mass density,  eff , directly depends on the void ratio and the water content, changing considerably during the drying-wetting cycles, as reported in Figs. 4 and 5. Since mass density of soil is inversely proportional to the specific volume (1+e), the relationship between  eff (1+e) and the degree of saturation is shown in Fig. 8 in an attempt to investigate how the degree of saturation affects  eff while excluding the void ratio. Obviously, a threshold of the degree of saturation S r  0.5 exists and it divides the range of degree of saturation into high and low ranges. Fig. 8 shows that at the high range (S r  0.5), variations of the degree of saturation had no or negligible effect on  eff (1+e), which indicates that changes of  eff should be induced mainly by variations of the void ratio. In other words, the amount of viscous layer coupling with soil particles should be constant regardless of variations in the water content. However, at the low range (S r < 0.5), variations in the degree of saturation contributed directly to changes of  eff (1+e), which indicates variations in the thickness of the viscous layers.
Effects of matric suction and degree of saturation on G max during drying-wetting cycles
The three drying-wetting cycles enable the investigation of effects of matric suction as well as degree of saturation on G max as shown in Fig. 9 , where G max /f(e) was used instead of G max to exclude the effect of the void ratio, and where f(e)=1/(0.3+0.7e 2 ) is the void ratio function proposed by Hardin (1978) . As expected, G max /f(e) increased with increase in matric suction at a given degree of saturation. According to Wheeler et al. (2003) , and Ng and Zhou (2014) , an increase in the matric suction within the free water and meniscus water (i.e. pore water forms between the particles as capillary bridges) will generate extra normal inter-particle forces which enhance the soil mechanical properties. Therefore, the soil stiffness should be proportional to matric suction for the full range of degree of saturation, except for the dried state.
Furthermore, matric suction generates inter-particle forces through the contact area between pore water and particle surfaces (Alonso et al. 2010; Han and Vanapalli 2016; Vanapalli et al. 1996) , and since the total contact area between the pore water and particle surfaces is proportional to the amount of water phase, the enhanced mechanical properties of soil induced by matric suction are proportional to the degree of saturation (Alonso et al. 2010; Gray and Schrefler 2001; Öberg and Sällfors 1997) . However, Fig. 9 shows that at a given matric suction, the values of G max /f(e) are higher at lower degrees of saturation. This indicates there are other influencing factors in addition to void ratio, degree of saturation, and matric suction, whose contributions accelerated as the degree of saturation decreased. Two factors that have minor effects on mechanical properties of saturated soils, but possibly play vital roles in the response of unsaturated soils, are the van der Waals attraction and electric double layer repulsion (Lu and Likos 2006; Santamarina 2002) .
Effects of van der Waals attraction and electric double layer repulsion on G max during dryingwetting cycles
The van der Waals attraction (the attractive intermolecular force) and electric double layer repulsion (the repulsive force that exist among the cations in the electric double layers at the soil/water interface) between two spheres are estimated using Eq (4) and Eq (5), respectively (Israelachvili 2011):
where R 1 and R 2 are radii of the two spheres, D is the separation between particle surfaces, A is the Hamaker constant (A is proportional to the density of interacting particles and depends on the medium between the particle surfaces), Z is the interaction constant, which is a function of the electrolyte valency and the properties of particle surfaces, and  -1 is the Debye length, which is a function of the solution and on the geometry and separation. As the van der Waals attraction follows a power-law decay with separation and the electric double layer repulsion decreases exponentially, the former decays slower at short distances but faster at larger distances than the latter. According to Tan (2010) the attractive forces dominate between particles at distances smaller than 20 Å, whereas the repulsive forces dominate for particles at lager distances. Since the porosity and pore size distribution determine the distance between particles in a soil body, an increase in porosity would enhance the repulsive force and diminish the attractive force.
Even though the two forces are proportional to particle diameter as showed in Eq (4) and Eq (5), the corresponding inter-particle stresses generated within a soil body were reported to inversely proportional to particle diameter as showed in Fig. 10a (Ingles 1962 ). The inter-particle stress generated is significant for clay particle while it is minor for silt and especially for sand particles. Hence, effect of the two forces on the mechanical properties of soils would be proportional to the proportion of clay particle.
Apart from the clay content and porosity, variations in the degree of saturation also influence the van der Waals and electric double layer forces. Fig. 10b illustrates the dependence of interparticle stresses, generated by the two forces, on the degree of saturation. According to Visser At the saturated state, water is the only medium existing among the particles; this corresponds to the thickest electric double layers and the minimum value of the Hamaker constant, and therefore inter-particle stresses induced by the van der Waals attraction and electric double layer repulsion reach their lower and upper bound values, respectively, as reported by Lu and Likos (2006) . Effect of the attractive force on the mechanical properties of soil might dominate in case separations shorter than 20 Å hold the highest fraction (e.g. extremely dense saturated soils), whereas in most other cases effect of the repulsive forces dominate and lead to almost no attraction or even repulsive inter-particle stresses that adversely influence the G max of saturated soils.
During the drying process, the water phase decreased and the air phase increased, which led to the evolution of van der Waals attraction-induced inter-particle stress and degradation of electric double layer repulsion-induced inter-particle stress; this facilitates the aggregation of fine particles and growth in the combined contribution of the two forces on G max . This phenomenon continues until the dry state is reached where the absence of water phase denotes the disappearance of electric double layer repulsion-induced inter-particle stress and the upper bound of van der Waals attraction-induced inter-particle stress. An opposing phenomenon occurs during the wetting process as water is added, cations in the electric double layers are hydrated and the electric double layers become thicker; these actions reduce the van der Waals attractions and increase the electric double layer repulsions. Therefore, the overall contribution of the forces induces a decline of G max with increasing degrees of saturation.
By considering the combined effect of van der Waals attractions and electric double layer repulsions on G max during drying and wetting processes, rises of G max /f(e) with decreasing degrees of saturation at constant matric suctions during three drying-wetting cycles shown in Fig.   9 can now be explained. A reduction in the degree of saturation led to a decline in the interparticle stresses induced by matric suction, but it also led to an increase in the resultant attractive stresses induced by van der Waals attractions and electric double layer repulsions. The result is that G max for a given stress state and void ratio experienced growth instead of a fall with a decrease in the degree of saturation.
Effects of drying-wetting cycles on G max
The responses of G max during three drying-wetting cycles are shown in Fig. 11 . Similar to observations reported in the literature, G max was always larger during wetting than in the previous drying at the same level of matric suction in the first drying-wetting cycle. This trend also presented itself in the second and third cycles due to lower void ratios and degrees of saturation during the wetting processes, as shown in Fig. 4 and Fig. 5 . As expected, G max increased with increasing number of cycles, especially at low range of matric suctions, reflecting the accumulation in irreversible changes of void ratio and degree of saturation. Therefore, the effect that the drying-wetting cycles have on G max can be captured by evaluating effects of the void ratio and degree of saturation.
Variations of void ratio during loading-unloading of net stress
Apart from drying-wetting cycles, irreversible compressions also occurred in the loadingunloading cycle of vertical net stress, as shown in Fig. 12 . This observation demonstrated similar trends in the variation of void ratio with net stress as those in literature (Alonso et al. 2005; Ho et al. 1992) . It is therefore expected that due to irreversible reductions of the void ratio, the soil sample also experienced hydraulic hysteresis during the loading-unloading cycle of net tress.
Hydraulic hysteresis behaviour during loading-unloading of net stress
While investigating hydraulic hysteresis in terms of the degree of saturation, it is of importance to consider variations of void ratio and gravimetric water content. As depicted in Fig. 13 , during the loading stage, the void ratio dominates with consistent increases in the degree of saturation even though the gravimetric water content consistently decreased. However, during unloading, the gravimetric water content was more dominant because the degree of saturation continued to grow. Nonetheless, the plastic volumetric strain that occurred in the loading-unloading cycle of vertical net stress (see Fig. 12 ), contributed to the differences between degrees of saturation for a given vertical net stress, as shown in Fig. 13 .
Observations of hydraulic hysteresis under a loading-unloading cycle of net stress at constant suctions were reported by Zakaria (1995) and Gallipoli et al. (2003) for compacted speswhite kaolin tested in suction-controlled triaxial tests, and by Pham et al. (2004) for slurry processed silt in pressure plate tests. In these tests, the loading/unloading stage was conducted by increasing/decreasing the external stress (i.e. cell pressure in triaxial tests and vertical pressure for the pressure plate tests), while p a and p b remained unchanged. The degree of saturation of speswhite kaolin and processed silt increased considerably in the loading stage but not as much in the unloading stages, whereas the gravimetric water content decreased in the loading stages and increased in the unloading stages. The hydraulic hysteresis that occurred in the loading-unloading cycle of net stress probably resulted from the plastic volumetric strains that accumulated within the cycle, which caused irreversible changes in the pore size distribution and corresponding soil water retention, even at a constant suction. Farulla and Rosone (2012) and Rostami et al. (2013) reported that in the loading/unloading stages of net stress, the micro-pore and macro-pore volumes altered, but most changes occurred in the latter.
Variations of effective dynamic mass density during loading-unloading of net stress
Fig. 14 shows that  eff grew consistently with the vertical net stress, but at reducing rates during loading. The opposite trend occurred during unloading where  eff decreased at an increasing rate.
The effective dynamic mass density is a function of the void ratio and gravimetric water content, so the relationship between  eff and vertical net stress revealed that the void ratio dominated over the gravimetric water content at the stress levels investigated. Variations of  eff (Fig. 14) were obviously associated with changes in the void ratio during loading and unloading (Fig. 12) .
Variations of G max during loading-unloading of net stress
Fig . 15 shows the variations of G max with vertical net stress at a constant matric suction; here G max kept increasing with the vertical net stress during loading, and during the corresponding unloading G max was less for a given vertical net stress. This response of G max is the opposite of that reported by other researchers (e.g. Fioravante et al. 2013 and Zeng & Ni 1998) for saturated soils where G max during unloading was higher than during loading at a given stress. For a saturated soil, at a given stress level, G max depends reversely on the void ratio (Hardin 1978; Richart et al. 1970; Vucetic and Dobry 1991) , therefor, the plastic volume change accumulated during a loading-unloading cycle results in higher values of G max during unloading.
For an unsaturated soil, the response of G max during a loop of loading and unloading of net stress depends on variations of both the void ratio and degree of saturation which follow opposite trends as shown in Fig. 12 and Fig. 13 . Hence, G max during an unloading process might have higher or lower values than in the previous loading process depending on which effect (i.e. reduction in void ratio and increase in degree of saturation) outweighs the other. That explains different responses of G max during the unloading process between the soil investigated in this study and Zenoz kaolin reported by Biglari et al. (2012) . After a stress loop, it was reported that the decrease in void ratio and increase in degree of saturation for Zenoz kaolin were 20% and 24.3%, and for the soil in this study were 6.3% and 10.6%, respectively. It is rational to believe that for Zenoz kaolin, the large decrease of void ratio (i.e. 20%) led to the dominant effect of void ratio over the effect of degree of saturation on G max ; on the contrary, for the soil investigated in this study, effects of degree of saturation outweighed influence of the void ratio (small decrease of 6.3%) on G max . Fig. 16 depicts the variations of G max with void ratio and degree of saturation in the loadingunloading cycle investigated. The decrease in G max due to a decrease in the void ratio and an increase in the degree of saturation, as shown in Fig. 16 , indicates how the degree of saturation affected G max at the stress levels investigated. Under a constant matric suction  = 30 kPa, and at a vertical net stress  vn = 100 kPa, after a stress loop, G max decreased 17.5% (from 218MPa to 180MPa) when the corresponding void ratio decreased by 6.2%, and corresponding degree of saturation increased by 16.2%. At higher vertical net stresses (i.e. 200 kPa and 400 kPa), after a stress loop, variations in the void ratio, degree of saturation and resulting G max were smaller.
To investigate effect that the degree of saturation has on G max while excluding the influence of void ratio, variations of G max /f(e) with vertical net stress and degree of saturation during the loading-unloading cycle are depicted in Fig. 17 . Under a constant matric suction  = 30 kPa, at a given vertical net stress and after a stress loop of the loading-unloading cycle, G max /f(e) decreased as the degree of saturation increased. The highest reduction of G max /f(e) of 19.2% occurred at vertical net stresses of 100 kPa; this corresponds to an increase of 16.2% in the degree of saturation.
As discussed earlier, an increase in the degree of saturation leads to a rise in the contribution of the matric suction investigated (due to an increase in the contact area between pore water and soil particles) and a fall in the combined effects of van der Waals attractions and electric double layer repulsions (due to a decrease in the resultant attractive inter-particle forces). Fig. 17 shows that the latter had a greater effect during the unloading stage so the effects of the van der Waals attractions and electric double layer repulsions should be captured in order to predict the G max in partially saturated soils.
Relationship for G max Incorporating the Hydraulic Hysteresis Effect
Model establishment
The relationship developed to predict G max for reconstituted unsaturated soils in this study was inspired by the Hardin-style equations for saturated soils (Hardin 1978; Hardin and Blandford 1989) where the void ratio function is used as an alternative to the overconsolidation ratio as shown in Eq. (6):
for saturated soil (6) where a and n are material constants; p' is the mean confining effective stress; f(e) is the void ratio function presenting the properties of packing and density, f(e)=1/(0.3+0.7e
2 ) is for saturated sands and clays (Hardin 1978) , and p r is the reference pressure (atmospheric pressure).
The inter-particle forces for unsaturated soils are attributed to the net stress, matric suction, van der Waals attractions, and electric double layer repulsions. It is believed that the contributions of a given net stress to the mechanical properties of unsaturated soil, including the small strain shear stiffness, are independent of the water content (Bishop 1959; Khalili et al. 2004; Khalili and Khabbaz 1998; Lu and Likos 2006; Vanapalli et al. 1996) , whereas contributions from a given matric suction are proportional to the degree of saturation (Alonso et al. 2010; Gray and Schrefler 2001; Öberg and Sällfors 1997) . Thus, it is recommended to evaluate the effects of variations in net stress and matric suction on mechanical properties of unsaturated soils separately (Fredlund et al. 1993; Ho and Fatahi 2015; ). In addition, Figs. 9 and 17 show that at a given void ratio, net stress, and matric suction, an increase in the degree of saturation led to a decrease in G max despite of an increase in the contribution of matric suction. This indicates a decrease of the combined contribution of van der Waals attractions and electric double layer repulsions that dominates over the contribution of matric suction at the stress states investigated. Therefore, an equation to predict G max while incorporating all the above mentioned contributions is proposed in this study.
The proposed Eq. (7) indicates that the contribution of net stress follows a power law that is similar to saturated soils, and is independent of the degree of saturation. Effects of degree of saturation on G max are evaluated in the contribution of matric suction and the combined contribution of van der Waals attractions and electric double layer repulsions. It is noted that the two contributions follow different patterns with variation of degree of saturation. During a drying process beginning from saturated state, the combined contribution of van der Waals attractions and electric double layer repulsions increases persistently with decreasing degree of saturation, whereas the contribution of matric suction follows a rapid growth in the early stage due to fast increases of matric suction, before commencing to decrease to zero when approaching the dry state due to the loss of pore water. The reverse patterns occur during a wetting process. In addition, at the same stress state, while the former is proportional to the degree of saturation, the latter is reversely proportional to the degree of saturation, as Figs. 9 and 17 show. Thus, the two contributions need to be evaluated separately to capture hysteresis. In Eq. (7) 
where a, n, b, m, c and k are the material constants, p r = 100 kPa is the reference pressure,  n =p-u a is the net stress, =u a -u w is the matric suction, and S r is the degree of saturation. All the material constants can be determined using the nonlinear least-square data fitting method with at least six observations. At saturated state, when u a =u w , =0, and S r =1, Eq. (7) returns to Eq. (6) which is for saturated soils.
Model calibration
Six model parameters (i.e. a, n, b, m, c and k) were determined by using the least-squares data fitting method (Coleman and Li 1996; Marquardt 1963 ). This determination was based on the values of two independent variables (i.e. the net stress and the matric suction) and two dependent variables (i.e. the void ratio and the degree of saturation) during the three drying-wetting cycles and the loading-unloading cycle of net stress. The objective function y(x) of the least squares problems is the sum of the squares of residuals that represent the absolute differences between the measured and corresponding computed values of G max . By solving the minimisation problem presented in Eq (8), the model parameters which are variables of the function could be obtained:
where a, n, b, m, c, k] This mathematical model is nonlinear in terms of the parameters n, m, and k, and therefore determining the model parameters requires a set of initial values and an effective algorithm for iterations. The trust-region reflective optimisation algorithm utilised in this study has strong convergence properties proven to provide reliable and robust solutions (Yuan 2000) . One advantage of the trust-region reflective algorithm is its ability to reduce the number of iterations (Coleman and Li 1996) . This algorithm was coded in the MATLAB software package using the "lsqnonlin" function. Table 2 is a summary of the calibrated model parameters.
In order to assess reliability of the newly proposed models, the coefficient of determination R 
Model verification via laboratory tests with complex loading paths
To verify the proposed model for the investigated soil, further experiments were conducted in the laboratory considering three mixed applications of matric suction and net stress, and a drying process as demonstrated in Table 1 Table 2 , good agreements between the measured data and the predicted results were obtained, as can clearly be observed in Fig. 20 . The measured and predicted values of G max for the soil sample, investigated in this study, are shown in Fig. 21 .
Further verification using data available in literature
The proposed equation was then validated based on data available in literature reported by Biglari et al. (2012) , Khosravi (2011) and Ng et al. (2009) for three types of soils, including
Zenoz clay, statically compacted Bonny silt, and recompacted completely decomposed granite, respectively. Variations of the void ratio and degree of saturation under different stages of stress were reported for these soils in the above mentioned references. Table 3 summarises the optimised model parameters following the procedure reported in the previous section. Fig. 22 shows the measured and predicted values of G max for these reported studies. There were good agreements between the measurements and predictions of G max for different types of soil during drying-wetting cycles and loading-unloading stages of net stress, confirming the ability of the proposed model to capture the response of G max while incorporating hydraulic hysteresis.
Conclusions
A suction-control Rowe cell apparatus with two built-in bender elements at the top and bottom of the sample was developed to measure the shear wave velocities and corresponding small strain shear modulus (G max ) of an unsaturated soil. In this study, the soil sample was subjected to different types of stress loops in a multi-stage test including three drying-wetting cycles and a loading-unloading cycle of vertical net stress, allowing the investigation of effects of matric suction and degree of saturation on G max simultaneously.
To avoid overestimation of G max determination from shear wave velocity, the effective dynamic mass density ( eff ) was used instead of the total mass density. It was assumed that during drying processes, the thin viscous layers of pore water moving together with particle surfaces during shear wave propagation reduces only when all the external water has been removed, while the reverse procedure occurs during wetting processes. Therefore, the effective dynamic mass density was determined as the minimum of the total mass density and the maximum effective dynamic mass density, which corresponds to the full thickness of the viscous boundary layer. Investigation of the relationship between  eff (1+e) and degree of saturation during the three drying-wetting cycles shows a threshold of degree of saturation that separates the low range corresponding to partial mass coupling and the high range corresponding to full mass coupling. At a given void ratio,  eff is proportional to the degree of saturation only at the low range while at the high range degree of saturation has no or minor effect on  eff . , 50 , 70, 90, 110, 130, 150, 170, 190, 210, 230, 330, 430 , 530, 630, 730 20 530, 430, 330, 90, 50, 30 20 90, 630, 730, 830, 930 20 630, 90, 30 20 90, 330, 630, 930 20 630, 330, 
